Effect of a relativistic correction to the Coulomb potential on 
the energy levels of hydrogen atom 



Based on classical electrodynamics, it is argued that the Coulomb potential (which is strictly 
valid for two point charges at rest), commonly used in the study of energy levels of hydrogen 
atom is not the correct one, because the electron in the hydrogen atom moves with relativistic 
speeds with respect to the nucleus. Retardation effect has to be considered in accordance with 
Lienard-Wiechert (or retarded) potential of a moving charge or the relativistic electrodynamics. 
However, such a consideration introduces a correction to the Coulomb potential, whose quantum 
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mechanical expectation value is estimated at E re t = — 2^(1+1/2) 1 wmcn * s °f the same order as 
the fine structure of hydrogen atom and hence added to the standard energy eigenvalue values 
of H-atom. This correction lifts the Z-degeneracy in the spectra of H-atom and hence modifies 
the standard result. The result disturbs the existing agreement between the theory and experi- 
ments on H-atom and hence requires further theoretical and experimental re-examination. The 
implications of this result for the Kepler-problem in general is also discussed in the context of 
Heaviside's gravity, which seems to offer an alternative explanation for the non-Newtonian per- 
ihelion advance of Mercury without invoking the space-time curvature formalism of Einstein's 
general theory of relativity. 
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In both non-relativistic quantum theory [H [2] and Dirac's relativistic quantum theory [3] of 
hydrogen atom one considers the potential energy of a hydrogen atom as the Coulomb potential 
energy: 

where Q = e is the electric charge of the nucleus of H-atom and q = — e is electric charge 
of electron and R is the instantaneous distance between the point charges Q and q. Strictly 
speaking Coulomb's law of interaction between two point charges is valid for the stationary 
charges. In the H-atom problem, one of the charges, viz., the electron, moves around the heavy 
nucleus (assumed stationary) at relativistic speeds, so the interaction between the electron and 
the nucleus is not strictly Coulombic (which is valid for charges at rest). Relativistic modification 
to Vc(R) is required for an additional correction to the energy levels of H-atom, which we report 
here. Prom classical electrodynamics [4,5], we know that the scalar potential of a point charge 
q moving with constant velocity v is expressed as [H [5] 

V(T,t) 1 
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where R = r — vt is the vector from the present position of the particle to the field point r, 
and 8 is the angle between R and v (Fig. 1); |v[ = v, c is the speed of light in vacuum and t is 
the present time. Evidently for non-relativistic velocities (v 2 <C c 2 ) or for c = oo (=^> action at 
a distance) , 

V(r,t) = — (Coulomb potential) (3) 

4tt€o R 

The expression in Eq. (2) is also known as the Lienard-Wiechert scalar potential for a point 
charge moving at constant velocity and there are many ways to obtain it [see page 433 in [5]]. 
The Lienard-Wiechert scalar potential is also known as the retarded scalar potential [H [5], 
because if a charge moves in an arbitrary way, the electric potential (or the field) we would find 
now at some point depends only on the position and the motion of the charge not now, but at 
an earlier time - at an instant which is earlier by the time it would take light going at the speed 
c to travel the distance r from the charge to the field point. If another charge Q is at rest at 
the field point described in Eq. (2) as in Fig. 1, then the interaction between the static charge 
Q and the moving charge q is expressed as 

y(r ' = 4vre R(l - v 2 sin 2 6/c 2 ) 1 / 2 ^ 
which again for (v 2 <C c 2 ) or c = oo action at a distance), reduces to 

If v in Eq. (4) represents the instantaneous velocity of the electron with charge q = — e and 
Q = e represents the charge of an assumed stationary nucleus of an H-atom, then Eq. (4) should 
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Figure 1: Interaction between a moving charge q and stationary charge Q. 

represent the real potential energy of an H-atom as 
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Vij ^ = ~47re R(l-v 2 sin 2 9/c 2 ) 1 / 2 ^ 

whose effect on the energy levels of an H-atom is considered as follows. Now introducing the 
angular momentum L of the electron around the nucleus as L = |L| = |R x (mv)| = mvRsinO, 
where m is the mass of the electron, we rewrite Eq. (6) as 
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VijC ^ = ~4vre R(l — L 2 /(m 2 c 2 R 2 )) 1 / 2 (7) 
For L 2 <C m 2 c 2 R 2 and to the first order in c 2 , we can approximate Eq. (7) as 

This introduces a correction to the Coulomb potential (1) as 

e 2 L 2 
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An analogous situation is expected in the Kepler-problem of planetary motion, if one consid- 
ers Heaviside's gravitational field equations [TJ EJ EJ QUI E] , which are analogous to the Maxwell's 
equations of electromagnetism (with the differences that the source terms in Heaviside's field 
equations have signs opposite to that we find in Maxwell's equations of electromagnetism, be- 
cause of the peculiar attractive nature of gravity between two masses) but less known and 
recently studied within the framework of special relativity and Dirac's the relativistic quantum 
mechanics of spin half particles [7J . In Heaviside's gravitational theory, if one takes the speed of 
gravity as c g 018] (the exact value of which is still unknown experimentally), then a correction 
to the Newtonian potential in the Kepler-problem can be obtained from Eq.(8), by replacing e 2 
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by M & m (Mq is the mass of the Sun, m mass of the planet in question) and l/4-7reo by Newton's 
universal gravitational constant G: 
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With c g = c (as per the special relativistic investigation and formulation [7j of Heaviside's 
gravity), Eq. (10) alon^j] can predict exactly half the value of the non-Newtonian perihelion 
advance of a planet such as the Mercury |121 [T3| [T4] as predicted by Einstein's general theory 
of relativity [2] and observed experimentally [1'2 \ 1131 IT3] . In this context, we would like to cite 
an interesting interpretation of the general relativistic interpretation of the perihelion advance 
of Mercury as given in a foot-note in page 113 of Thornton-Marion's book |12j : 

"One half of the relativistic term results from effects understandable in terms of spe- 
cial relativity, viz., time dilation (1/3) and the relativistic momentum effect (1/6); 
the velocity is greatest at the perihelion and least at aphelion (see Chapter 14). The 
other half of the term arises from general relativistic effects and is associated with 
the finite propagation time of gravitational interactions. Thus, the agreement between 
theory and experiment confirms the prediction that the gravitational propagation ve- 
locity is the same as that for light." 

Thus, it seems one can explain the non-Newtonian perihelion advance of Mercury with the help 
of Heaviside's gravity and special relativity without invoking the space-time curvature formalism 
of general relativity. Now let us not discuss this gravitational problem further and come back 
to the present problem of H-atom. 

We can calculate the effect of the correction Eq. (9) to the Coulomb potential on the energy 
levels of an H-atom by treating this as a correction to the non-relativistic Hamiltonian 



For this purpose, we will now consider the classical variables L 2 and as quantum mechanical 
operators according to the postulates of quantum mechanics. Considering Eq. (9) as a pertur- 
bation potential and using the time-independent 1st order perturbation theory [TJ [2] with \& n / m 
as the unperturbed state, the expectation value of H re t was then calculated to give an energy 
eigenvalue 



TNote that the consideration of retarded interactions is most important in planetary motion or other astro- 
nomical and cosmological problems. For example, in the case of the Sun and Earth system, any event causing a 
change in the mass of the Sun would be felt by a change in the motion of the Earth only after 8 minutes and 4 
seconds (if c g — c) has elapsed since the occurrence of that event, since light originating from the Sun takes that 
much of time to reach the Earth. 
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which is of the same order of magnitude as the fine-structure of H- atom, where a = e 2 / (4-7reo^c) = 
1/137.0363 is the fine-structure constant and other symbols have their usual meanings. Com- 
bining this with the Bohr energy obtainable from Eq.(ll), the fine-structure energy [TJ[2](duc 
to relativistic correction to kinetic energy of the electron and spin-orbit interaction) we get a 
modified result for the energy levels of H-atom: 
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The degeneracy in I is not broken in Eq. (13), in contrast with standard energy levels [H HI [3] 
(as in the Dirac theory of H-atom), viz., 
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where the breaking of the ^-degeneracy is evident. For instance, the states 2 P\/2 an d 2 Si/2 which 
were degenerate according to Eq. (14) are now non-degenerate by Eq.(13). It is to be noted 
that Lamb shift introduces a tiny splitting of the 2 P\/2 an d 2 <Si/2 levels, which is of the order of 
mc 2 a 5 [U [2]. In the present correction, the splitting of these two levels is of the order of mc 2 a 4 
and energy level shift is opposite to that of the Lamb shift [U [2] arising out of the quantization of 
the coulomb field. Thus, a serious disagreement between the theory and experiments on H-atom 
arises, if we take into account the present correction to the hydrogen energy levels, which needs 
further theoretical and experimental re-examination of this study. 

Further, if, as in the relativistic Kepler-problem of planetary precession, relativistic time-dilation 
is to be considered, then an additional correction term would be Et = (2/3)E re t- On addition 
of E t to Eq. (13), we get 
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This further amplifies the disagreement between the theory and experiments. Since the points 
raised here are of fundamental importance and the predicted results are disturbing the estab- 
lished results, we invite further theoretical as well as experimental re-examination or scrutiny 
of our results for a resolution the problem raised here. 
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